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Abstract 

There are many logically and computationally distinct characterizations of the 
surface gravity of a horizon, just as there are many logically rather distinct 
notions of horizon. Fortunately, in standard general relativity, for stationary 
horizons, most of these characterizations are degenerate. However, in modified 
gravity, or in analogue spacetimes, horizons may be non-Killing or even non- 
null, and hence these degeneracies can be lifted. We present a brief overview 
of the key issues, specifically focusing on horizons in analogue spacetimes and 
universal horizons in modified gravity. 
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1 Introduction 



Surface gravity is an important quantity in classical general relativity, which plays a 
vital role in black hole thermodynamics and semi-classical aspects of gravity, being 
closely related to the temperature of Hawking radiation. However, in a large number 
of situations, the surface gravity cannot be calculated unambiguously, as standard 
definitions rely on the existence of a stationary spacetime with a Killing horizon. 

In recent years, a quite significant amount of work has been devoted to consid- 
ering extensions to the usual notion of surface gravity that would be suitable for 
dynamical situations in standard general relativity, such as a forming or evaporating 
black hole (see, for instance [H El |3] and [H El El [71 E] ) . Much less effort has been 
devoted to stationary scenarios where the horizon is no longer a Killing horizon. 
The explanation for this is simple: For the standard case of general relativity, due 
to the rigidity theorem (see, for instance |9l[T0l[lT] and [El HSl [TH |15] ) , in stationary 
spacetimes all event horizons are automatically Killing horizons [i.e., the spacetime 
must possess a Killing field which is normal to the event horizon). However, this 
result hinges on the Einstein field equations, and in modified gravity, or in the arena 
of analogue spacetimes, there is no a priori reason to expect this result will continue 
to hold. We will address a number of scenarios where the standard calculations for 
surface gravities either will not hold, or will give rise to distinct quantities. 

This technical heart of the paper is essentially divided into three sections. In 
the first section, we will briefly present the standard general relativity case, ini- 
tially making a foray into dynamical situations to demonstrate how the different 
definitions of surface gravity can diverge, (though they will asymptotically agree in 
the adiabatic limit), and subsequently run through several quite standard ways to 
calculate the surface gravity in stationary spacetimes, as presented (for instance) 
by Wald in reference [16j, drawing explicit attention to the assumptions built into 
the calculations; assumptions that we shall then relax in subsequent discussion. As 
a first step in this relaxation process we consider the conformal Killing horizons of 
Jacobson and Kang [T7] . 

The second section is devoted to the analogue spacetime case, focussing specif- 
ically on acoustic horizons. In this context, all horizons are null surfaces, (in fact, 
they are even geodesic null surfaces), but in the case of non-zero rotation, (non-zero 
vorticity, or more precisely non-zero helicity), can nevertheless be non-Killing. We 
demonstrate that the different definitions of the surface gravity will in this context 
lead to physically and mathematically distinct quantities, and discuss which is the 
most relevant one in the case of analogue horizon thermodynamics. 

The third section will be devoted to discussing a new class of horizons, the so- 
called "universal horizons", recently discovered in theories with Lorentz violation, 
such as Einstein-aether and Horava-Lifshitz gravity. (See [Ml [ISl EHl ED [221 123].) 
Such horizons are spacelike instead of null surfaces, and are not Killing horizons. 
The physics is quite different from what one might otherwise expect. 

Finally we end with a brief discussion putting our calculations in context. In 
particular, while for definiteness in this paper we will discuss non-Killing horizons 
in analogue spacetime and Einstein-aether and Horava-Lifshitz contexts, the issues 
raised are much more general — similar considerations will apply in various modified 
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gravity models where modification of tlie Einstein equations generically eliminates 
the rigidity theorems so non-Killing horizons are likely to be generic. For instance, 
non-Killing horizons have very recently become of interest both in AdS/CFT ^23] 
and holographic situations. 



Table 1: Some of the multiple notions of surface gravity 



Name 


Key features 


peeling 


peeling off properties for null geodesies near horizon 


inaffinity 


inaffinity properties for null geodesies on horizon 


normal 


null normal to a null surface 


generator 


anti-symmetrized derivatives of horizon generators 


tension 


tension in an ideal massless rope 


expansion 


geodesic expansion transverse to the horizon 


Euclidean 


elimination of angle deficit at horizon 



Some of these definitions require specific simplifying assumptions. 
Others are (or can be made to be) more general. 
All definitions are equivalent for Killing horizons. 



2 Standard general relativity: 
Peeling off versus inaffinity 

Even in standard general relativity, which is one of the simplest frameworks one 
might envisage, there are essentially two basic conceptions of surface gravity, related 
to the inaffinity of null geodesies on the horizon, and the the peeling off properties 
of null geodesies near the horizon, respectively. For stationary Killing horizons 
these two notions coincide, but even in the simplest case of a spherically symmetric 
dynamical evolution these are two quite distinct quantities. We will work thorough 
a brief calculation, adapted from (see also as an example. Without loss 

of generality, write the metric in the form 

ds^ = -e-2*('^'t) [1 - 2m(r, t) /rW + — + r^{de^ + sin^ 6 d^H, (1) 

1 — 2m(r, t)/r 

and define the "evolving horizon", rnit), by the location where 2m{r,t)/r = 1. 
(Working from the Kodama vector, a "geometrically natural" justification for inter- 
est in this particular form of the line element is presented in j28].) 

2.1 Peeling off properties of null geodesies 

A radial null geodesic satisfies 

(f) =±e-*(^'*^[l-2m(r,t)/r)]. (2) 
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If the geodesic is near rnit), that is r rnit), then we can Taylor expand 

^ = ± ^ m - Mt)] + O {[r{t) - Mt)]') , (3) 

where the dash indicates a radial derivative. That is, defining 

_ e-'^(-^M.^)[l-2mXrH(t),t)] 

'^peeling I — 2rH(t) ' 



which, in the static case, reduces to the standard result 



e-^^d - 2m', 



H) 



2rH 

we have 



(5) 



— = ±2Kpeeiing(t) [r(t) - rH(t)] + O ([r(t) - rj^(t)]2) . (6) 
Then, for two null geodesies ri{t) and r2{t) on the same side of the evolving horizon 



d|ri - 



dt 

(automatically keeping track of all the signs), so 
\riit) - r2(t)| ^ |ri(to) - ^"2(^0) I exp 



2/«pccimg(i) \ri{t) - r2(t)|, (7) 



2 ^ 'tpeeling(^)dt 



This makes manifest the fact that Kpeeiing as we have defined it is related to the 
exponential peeling off properties of null geodesies near the horizon. 

2.2 InafRnity properties of null geodesies 

Consider the outward-pointing radial null vector field 

r = (l,e-*('^'*)(l -2m(r,t)/r),0,0) . (9) 

In a static spacetime, this null vector field is very simply related to the Killing 

vector, 

r = x'' + e\x\ (10) 

where eab is a 2-form acting on the r-t plane, normalized by e"^ eab = —2. The radial 
null vector field is automatically geodesic. Hence the inaffinity Kinaffinity('", ^) can 
be defined by 

^VJ' = 2/^i,,ffi„ity(r,^)£^ (11) 

which always exists, everywhere throughout the spacetime. This construction nat- 
urally extends the notion of on-horizon geodesic inaffinity, defined in a static space- 
time as 

X^'VaX' = «^maffinity x' ■ (12) 
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That is, equation ffTTl) naturally defines a notion of surface gravity even for a time- 
dependent geometry. A brief calculation shows that at the evolving horizon [H |28] , 



'^inaffinity 




(13) 



While we do not a priori know exactly where the event horizon (absolute horizon) is, 
we can certainly assert that when asymptotically approaching a quasi-static situation 
the event horizon will be close to the evolving horizon. We then have 



Kinaffinity(r£;(t), t) ^ Kinaffinity (^/f (t) , t) + /tLffinity ('^H (t) , t) (t) - rj/(t)]. (15) 



In particular, for sufficiently slowly evolving horizons the two concepts are for all 
practical purposes indistinguishable. 

Summary: In general (even for spherical symmetry in standard general relativity) 
'tpeeiing(^) 7^ /^inaffinity (^^5 ^) 5 with strict equality only on the horizon, and only in the 
static case. This distinction is important, because it seems to be the peeling notion 
that is more closely associated with Hawking radiation [261 EI] • 

3 Standard general relativity — stationary case 

Let us now consider stationary horizons in standard general relativity, so that (in 
view of the classical rigidity theorems) all horizons are automatically Killing. 

• The peeling definition of surface gravity Kpeeiing is somewhat messy to write 
down in the general stationary case, though it is already clear from the spher- 
ically symmetric discussion above that it will almost certainly equal Kinaffinity 

• In contrast, for stationary horizons the inaffinity definition of surface gravity is 
typically restricted to an explicitly on-horizon version, and given by a simple 
explicit formula. In terms of the Killing vector x (see for example Wald [T6]): 



rE{t) ~ rH{t) 



(14) 



in which case we can expand in a Taylor series 



That is 



«;inaffinity('^ii;(i^),i^) ~ Kp^e\mg{t) - -^{rH{t) ,t) + k!-, 



'inaffinity 



{rH{t),t)[rE{t)-rH{t)]. (16) 



X ^ aX ^inaffinity X ; 



(17) 



where this formula now makes sense only on the horizon. 
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A third notion of surface gravity is that of the null normal derivative evaluated 
on the horizon (see for example Wald jl6 j ) : 



^\x\h) = -2«:normal X"- (18) 

Equivalent ly, 

X^^aXb = -/^normal Xa- (19) 

Using Killing's equation we see ^normal = '^inaffinity, but this equality will gener- 
ically fail once we move to consider non-Killing horizons. (We shall exhibit 
explicit failure of this equality for acoustic horizons later on in the article.) 



As a fourth notion of surface gravity Wald [16] furthermore argues that it is 
useful to define the equivalent of 

<nerator = -^(V["x'l)(V[aX.]), (20) 

(this name is chosen because the integral curves of the vector field gen- 
erate the horizon.) This definition makes sense everywhere throughout the 
spacetime. A brief calculation [16] demonstrates that on the (Killing) horizon 

^generator I j:/ ^inaffinity (21) 

Again, this inequality will generically fail once we move to consider non-Killing 
horizons. (Also in this case we shall exhibit explicit failure of this equality for 
acoustic horizons later on in the article.) 

A fifth notion of surface gravity can be formulated in terms of the tension in an 
ideal massless rope holding a unit mass steady just above the Killing horizon: 



lim^^PII. (22) 



H 



Here denotes the magnitude of the 4- acceleration. Wald demonstrates 
that for Killing horizons ^tension = ft^generator = /tinaffinity, but this cquality will 
again generically fail once we move to consider non-Killing horizons. (Again, 
we shall demonstrate explicit failure of this equality for acoustic horizons later 
on in the article.) 

A sixth notion of surface gravity recently developed by Jacobson and Parentani 
is based on relating the surface gravity to the expansion of the 2-d surface 
drawn by (timelike) geodesic congruences orthogonal to the horizon. Define 

d2d = h\Vau\ (23) 

for h°'b the surface projector onto the 2-d surface generated by the congruence. 
We pick an appropriate congruence such that 

X^VaU' = u''VaX\ (24) 
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and hence we can write this 2-d expansion as 




(25) 




(26) 



It is then most useful to normahze by defining 



'expansion 



H ' 



(27) 



which in the case of standard general relativity automatically implies 



'expansion 



(28) 



This notion of surface gravity is explicitly constructed so that ^expansion = 
Knormah cLud heuce, in this case, is Kinaffinity This derivation relies on the 
construction of a geodesic congruence that is invariant under the flow of a 
Killing vector, and so cannot, without suitable alterations, be extended to 
non-Killing horizons which might be present in modified gravity or analogue 
spacetimes. 

• Finally, a seventh notion of surface gravity can be based on Euclidean con- 
tinuation (Wick rotation), and demanding the elimination of the deficit angle 
at what used to be the horizon in Lorentzian signature. This construction of 
'^Euclidean is cxtrcmely delicate, implicitly requiring constancy of the surface 
gravity over the horizon (and so implicitly appealing to the rigidity theorems) 
to even make sense — but when it works this Euclideanization procedure has 
the virtue that it automatically forces all quantum fields into an equilibrium 
thermal bath at the Hawking temperature kTn = ^fi;Euciidean/27r. This pro- 
cedure works best for static spacetimes, and is already somewhat delicate for 
stationary non-static spacetimes. We will not explore this particular approach 
any further in the current article. 

While all of these notions of surface gravity are degenerate in the case of Killing 
horizons, the situation for non-Killing horizons is much more complex. 

• In standard general relativity it is a well-known result that the surface gravity 
is constant over the event horizon. This result can be proven without recourse 
to the field equations if the horizon is assumed to be Killing [31j, but for 
modified gravity (with field equations that differ from the Einstein equations) 
one may encounter non-Killing horizons. Alternatively, in standard general 
relativity, constancy of the surface gravity can be proved using stationarity, 
the Einstein field equations, and the dominant energy condition for matter [32] . 
(However, note that the dominant energy condition is known to be violated 
by vacuum polarization effects [33].) In short, this result strongly hinges on 
the classical equations of motion, and as such, we have no reason to believe 
this will hold for modified gravity or in analogue spacetime scenarios. 
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• As a first step beyond standard general relativity, note that even in the case of 
conformal Killing horizons four of the definitions given in section [3] (inaffinity, 
normal, generator, tension) do not generically coincide. This case was consid- 
ered by Jacobson and Kang [T7]. The key point is that Jacobson and Kang 
distinguish several slightly different notions of surface gravity, all of which 
happen to coincide for Killing horizons (see also [Mj 135]). 

The key result (from our current perspective) can be summarized as follows: 
For a conformal Killing vector by definition one has 

2V^aXb) = C^9ab = 2Fgab. (29) 
Then the relationship between the various surface gravities defined above is 

'^jnomial '^jinaffinity /tgenerator (30) 

where we have altered their notation to correspond to ours. Only one of the 
definitions can be a true conformal invariant, which they find to be Knormab 
while the others will at best be conformally invariant only for those conformal 
transformations that are constant on the horizon. Furthermore ^tension will be 
invariant for this special class of transformations, but loses its interpretation 
for more general conformal transformations. 

These results, in and of themselves, already provide a clear warning against un- 
restrictedly interchanging the definitions of surface gravity when working in non- 
general relativity contexts. 

We shall now discuss two explicit examples of stationary but non-Killing horizons 
— one based on the "analogue spacetime" programme, and the other on "universal 
horizons" . 



4 Analogue spacetimes 

In recent years there has been an explosion of interest in the topic of analogue gravity, 
(more precisely, analogue spacetimes), in part because that framework provides 
potential for laboratory experiments on some aspects of gravitation [361 EZl EH 
[39] . Theoretically, analogue gravity provides an emergent "gravitational" system 
for which we know the UV physics. As such it has been interesting in shedding light 
on such issues as the transplanckian problem. Additionally, it provides a fascinating 
test-bed for gaining a deeper understanding of which aspects of gravitation are 
unique to general relativity or other simple theories of gravitation, which features 
depend on the field equations, and which are generic geometrical features. For a 
thorough review of analogue gravity see p8] , and for a shorter introduction see [22] • 
The simplest model to consider for analogue spacetime is acoustic waves in a fluid 
system, a model which is extensively developed in section (2) of [38] ■ For an earlier 
introduction to some of the features of the scenario considered here see [37] . 



9 



4.1 Metric 



Wc will temporarily restrict ourselves to the case of non-relativistic acoustics in the 
limit of geometrical acoustics. We can write the metric as 



gab = ^'^ 







-Vi 





(31) 



where (for now) the quantities Vi and Cg are position (but not time) dependent. The 
corresponding inverse metric is: 



2 













Equivalently, the line element is given by 

ds^ = (-c^dt^ + (dx' - v'At){Ax^ - v^At)bij) 



For convenience also set 

9ah — 



-Vi 



-Vi 







. -v'/cj 


Sij _ yiyj/cl _ 



Note that indices on v are raised and lowered using S^^ and S., 



(32) 



(33) 



(34) 



4.2 Horizon 

Because of the definition of event horizon in terms of phonons (null geodesies) that 
cannot escape the acoustic black hole, the event horizon is automatically a null 
surface, and the generators of the event horizon arc automatically null geodesies. 

Stationary horizons are surfaces, located for definiteness at some /(x) = 0, that 
are defined by the 3-dimensional spatial condition 

V/-v = c, ||V/||. (35) 

That is, on a horizon the normal component of the fluid velocity equals the speed of 
sound, thereby either trapping or anti-trapping the acoustic excitations (resulting 
in black holes or white holes). 

On the horizon we have (V/ ■ v)^ = ||V/||^, which we can rewrite in 3- 
dimensional form as g^^ dif djf = 0, (that is, [5^^ — v^v^/cl] dif djf — 0). Since the 
conformation, and location, of the horizon is time independent this statement can 
be bootstrapped to 3+1 dimensions to see that on the horizon 

V./ Vft/ - 0. (36) 

That is, the 4- vector V/ is null on the horizon. In fact, on the horizon, where in 
terms of the (inward-pointing) 3-normal n we can decompose vj^ = ch n+vy (where 
the subscript H indicates on-horizon), we can furthermore write 

(»''M„ = |?f (l;v|,)„. (37) 
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That is, not only is the 4-vector V/ null on the horizon, it is also a 4-tangent to 
the horizon (note this means we can always apply the Frobenius theorem) — so, 
as in general relativity, the horizon is ruled by a set of null curves. Furthermore, 
extending the 3-normal n to a region surrounding the horizon (for instance by taking 
n = V//II V/ll) we can quite generally write v = n + vy. Then away from the 
horizon 

V./ V./ ^ (38) 

That is, the 4-vector V/ is spacelike outside the horizon, null on the horizon, and 
timelike inside the horizon. 



4.3 ZAMOs 

A rotating analogue black hole, (to be more precise: an analogue black hole where 
the fluid velocity is not 3-orthogonal to the horizon), need not be equipped with 
the same Killing vectors as the Kerr black hole. (In particular, the usual theorems 
whereby stationarity implies axial symmetry need no longer apply.) To attempt to 
generalize the constructions in Wald [16], we want a natural vector that is timelike 
outside, spacelike inside, and null on the horizon. For this we will consider a vector 
describing an observer similar to a ZAMO (zero angular momentum observer, see 
for instance [10]). To capture a suitable notion of "comoving with the horizon" let 
us define 

Z'^ = (1; V||); = -n\cl - vl; v^n). (39) 

Then we have gab Z"' Z^ = — f2^(c^ — v\), which is null on the horizon. Furthermore 
Z°-daf = 0, so these vector fields Z°- fohate the constant-/ surfaces, /(x) = C, and in 
particular foliate the horizon at /(x) = 0. In the current context the vector is the 
closest we can get to a horizon-foliating Killing vector; it is at least horizon-foliating, 
even if it is not necessarily Killing. For later convenience, we also define 

Z^ = (1; V|,) = Za = -{cl - vl- v^n) = §. (40) 



4.4 The on-horizon Lie derivative 

Note the Lie derivative 



evaluates to 
Explicitly 

i^zg)ab = 



i^Zg)ab — Za-b + Zb-a — Z^,agcb + Z'^^bgca + Z'^dcgab, 

{^zg)ab = ^'^{Czg)ab + 2(v|| ■ V\nVt)gah. 



(41) 
(42) 



-V|| ■ V(c2 - f 2) 




—v\\^jVk — vw^dkV^ 





+ 2(v|| ■ Vln^])(7,fe. (43) 



It is the fact that this quantity is non- vanishing that makes the horizon non-Killing. 
The (v|| ■ Vlnfi) term is just a conformal Killing contribution, hence more or less 
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"trivial" (apply the Jacobson-Kang [T7] argument). Now, on-horizon, 



V|| ■ Vivj) 






ij ~l~ '^11 j,i 



+ 2(v|| ■V\nn)g, 



ab 



H 



H 

(44) 

We can write this in terms of the 3-d spatial Lie derivative (with respect to vy) as 



' ^^11 (i) 









+ 2(v|| ■ V\nn)gab 



H 



H 



(45) 



This makes it obvious that it is the in- horizon symmetries (or lack thereof) which 
governs whether or not the horizon is Killing. From this perspective, the key reason 
for the degeneracy of surface horizon definitions in general relativity is that the field 
equations impose symmetries on horizon. Comparing equation ( 142|) to equation (129|) 
we can clearly see how our how our results in the next section correspond to and 
extend those of Jacobson and Kang [17] . 

4.5 Surface gravities 

We shall now evaluate the various definitions of surface gravity by explicit calcula- 
tion. 



4.5.1 Geodesic peeling 

In the spherically symmetric case, we previously considered the peeling properties 
of radial null geodesies. In contrast, here we want corotating null geodesies, that 
is, outgoing null geodesies that are as close as possible to ZAMOs. Furthermore, as 
these geodesies emerge from the region near the horizon, their 3-velocity will have a 
normal component, the "speed" with which it is escaping "vertically". That is, take 



[1, -hn + V|| 



(46) 



gabk^k' = 0, 



here h denotes a normal height above the horizon, and dot indicates a time deriva- 
tive. The null condition, 

(47) 

0. (48) 



yields 



- (c? - v') 



2{-hvi_ + vj) + h^ + vl = -cl + {h + v±y = 
Thence we have the very simple and physically plausible result 

h = ±Cs — Vj_. 

For those null curves that are just escaping, near the horizon we have 



Cs - Vj_ 



dn 



h. 



H 



(Remember n is inward pointing.) Let us define: 

d{cs - v±) 



^peeling 



dn 
12 



ch 



H 



dn ' 



(49) 



(50) 



(51) 



where M±_ = v±/cs is the transverse Mach number. Note this quantity Kpeeiing is 
manifestly conformally invariant. Also Kpeeiing is not necessarily constant over the 
horizon; the steepness of the the Mach number is not constrained automatically to 
be the same everywhere along the horizon. Then 

exp(«;peeiing[t - t^]). (52) 

This is clearly related to the peehng off (e-folding) properties of escaping null curves 
near the horizon. 



4.5.2 Null gradient normal to horizon 

(It is best to consider this particular notion slightly "out of order", as ^normal will 
prove useful when discussing Kinaffinity) The gradient normal definition of surface 
gravity always works for acoustic horizons as we have defined them above, as on 
the horizon Z^Zf, — 0, and so its gradient is normal to the horizon. // we have 
already decided that the horizon is a null surface, then its null normal must lie in 
the horizon, and so be proportional to Z. Then there must be a scalar ^normal such 
that: 

Equivalently 

Z^'VaZb = — /^normal -^a- (54) 

But by explicit computation we now see 



Va{Z'Zt,)\^ = V„ [-n^{cl - vD] = -2Q2 (0; CsViics - v^)) 

dn ^ dn 



Cs w- (0, n) = 2 — Za\H, (55) 



where 

Za\H = -^''ch{^] n). (56) 

Therefore with this definition: 

_ d{c, - v^) _ dM^_ 

'^'normal — — — '^'peeling- V"-* ' / 

So we explicitly see that the peeling and normal gradient notions of surface gravity 
are still degenerate for acoustic horizons. 



4.5.3 InafRnity 

Now consider the inaffinity definition of surface gravity. We would like to be able 
to write 

Z'^VbZa — Kinaffinity -^a- (58) 

Our first problem is that, although Z"- is null, we have no a priori reason to expect 
Z'^'VbZa to be null, despite being automatically orthogonal to Z". We need to show 
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that our horizon is what we will term as "geodesic" , that is, foliated by null geodesies. 
Note that (on horizon) we always have: 



Z^VbZ" = Z\VbZ^ + V^Zb) - ^V{Z^Zb) 

'^normal ■ 

(59) 

(The occurrence of the quantity [CzgYb above is the explicit signal of a possible non- 
Killing horizon, and the reason we discussed and evaluated this quantity previously.) 
On the horizon is guaranteed null; both Z^VbZ"" and {CzgYbZ^ are guaranteed 
to be orthogonal to Z, but without further assumptions we cannot guarantee that 
they are null. // (for now) we simply assume the horizon is geodesic, that is, foliated 
by null geodesies, then 

Z^VbZ"" = Kinaffinity ■Z'", (60) 

and then 

i^ZgTbZ^ = (ft^inaffinity — «^normal) Z"" = Ak Z"" . (61) 

Note the condition {CzgYbZ^ = An Z"- is equivalent to demanding 

{Lzg)ab = Ak gab + C ZaZb + i P^b- (62) 

Here 

Ptb = gab + ^,. (63) 

This construction defines a hierarchy of possible horizons: 

• Killing {Czg = 0, the standard GR case); 

• conformally Killing (A/t 7^ 0, C = ^ = 0, the Jacobson-Kang generalization); 

• "Kerr-Schild-like" (Ak ^ 0, C 7^ 0, ^ = 0); 

• general geodesic (Ak 7^ 0, C 7^ 0, ,^ 7^ 0, our current case). 

The horizons we have termed "Kerr-Schild-like", where {Czg)ab is of Kerr-Schild 
form on the horizon, have not to the best of our knowledge, been separately studied. 
We will now prove that all the acoustic horizons we are considering are geodesic 
horizons, a fact that will also be used in the analysis of the next definition (^generator)- 
We see from equation (159|) that 

Z'^VbZ'' = Z^VbZ"" -W'Zb) + ^V%Z^Zb) 

= Z\VbZ''-V^Zb)-K^orm.lZ\ (64) 

Thus the horizon is geodesic iff (on the horizon) 

Z\VbZa - VaZb) OC Za. (65) 

Recall the definitions of Z"-, gab, Z°- and gab given in section We note 

V[aZb] = + 2V[Jnfi Z,], (66) 

14 



(67) 



where on the horizon 

^ ^ [ -Ch ^normal [v±n]^),j\ 

But by definition we have Ui — dif /\\df\\, so 

= = -\\df\\{v^/\\df\\\inj^ = Cij%nj], (68) 

where we now define 

^ - (^±/||a/||), = + a,ln||a/||, (69) 



(V[a^6])i? 



(70) 



with dimensions [s] = l/[i^]. Therefore 

C}{ '^normal 

Ch /^normal l^i Cf/fl[iSj] 

Now defining Sa — (2Knormab Si), we see that on the horizon 

{VlaZb])H^Z[J,]. (71) 

Thence, defining Sa — Sa — 2Valnil we see that on the horizon 

(VbZa — ^aZbjH = ZaSb — SaZ},. (72) 

But then 

{VbZa - VaZl,)HZ'' = ZaiSbZ") = (2/€™l + V|| ■ s)Z,. (73) 

This observation is already enough to guarantee that the horizon is geodesic. 

But now that we have shown that the horizon is geodesic, it follows immediately 
that we have the even stronger statement: 

/tinaffinity = {SbZ'') - ^normal = ^tnormal + V|| " S = ^normal " 2V|| ■ Vlul] + V|| ■ S. (74) 

But now 

V|| . s = "^^^ + V|| • Vln||9/|| = -V|| • VlncH + v,, • Vln||9/||. (75) 
Ch 

Furthermore 

v,.Vln||a/|| = iv,.Vln[||a/f] = ^i|L^_!k^ 

= — vil^'-'njnj = —v\\^'^'^^ fiifij. (76) 

PuUing it all together 

«inaffinity = ^normal " 2V|| • VluQ - V|| • VluC/f - V\\^''^'' niUj. (77) 

The last term is an internal horizon shear. This quantity Kinaffinity is manifestly not 
a conformal invariant. One can also express this as 

'tinaffinity = /«normal " V|| ■ Vlnfc^^^^] " UiUj. (78) 

This is consistent with the Jacobson-Kang analysis, as for them, automatically, the 
in-horizon shear is taken to be zero. 
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4.5.4 Generator-beised 

We shall define 

generator = -^(V[«Z^1)^,(V[„Z,])^. (79) 

We can always define this quantity into existence, the question is how does it relate 
to the previous two definitions? 

We have already shown that at the analogue horizon 

{VbZa - VaZb)H = ZaSb - SaZ^. (80) 

(VbZ„ - VaZ,)H{V'Z- - V''Z')h = -2{SaZ''f. (81) 



But then 
Therefore 



generator = " ^ ( Vl'^Z"] )^( V[„Z,])^ 



and so 



2 

i(V''Z'^ - V'Z^iV.Z, - VaZ,)H 
\{SaZ^)\ (82) 



^ (Q ya\ _ ^normal + iiialliuity (QQ\ 

"'generator — Wa-^ ) — 2 ' v"*^/ 



Pulling it all together we see 



1 1 • • 

/^generator = /^normal " V|| • VlnQ - -Vy ■ VIuCh - ^Vw'^''^^ fliUj. (84) 



Alternatively, 



^generator = ^normal " 2^11 ' Vln[c//0^] - -v{''^^ 11^71 j. (85) 



This quantity is manifestly not conformally invariant. 
4.5.5 Tension in a rope 

There is a nice argument leading to a tidy physical interpretation of the surface 
gravity in terms of tension in an ideal massless rope held at infinity. In the current 
context we would want to evaluate 

«tensior. = limV^^||A||, (86) 

M 

with A the magnitude of the 4-acceleration of the integral curves of Z". Define 

= 11^ , A- = V'V,V\ (87) 
V — Z A 

as the velocity and acceleration of an orbit of Z"-. Now using 

Z"^ = ^-Z^Z^ V\ (88) 
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we see 

ZftV^Z^ = {-Z'^Z,)A- + l ^'^'^'f^ Z'. (89) 

2 (-Z^) 

Then working outside the horizon, where A and Z are 4-perpendicular, and Z is 
timehke while A is spacehke, we have 

{-Z'Z,)\\Ar = ^1^^ + \[Z'VM-Z')f- (90) 
Now, as we approach the horizon 

\\zm ^ I (91) 



(-Z2) 
Since this is indeterminate it is useful to consider 

WaWZ.W^'Z'^f ^ 2(ZfcV''Z^)V„(ZbV''Z^) 

Va( ^^) 2Knormal-^a 

(/^inaffinity ^c) Va (^b V'Z'^) 



'^normal-^a 

'^'normal Za 

_ ^inaffinity(Va(0) ~ ( Va-^c) (^inaffinity-^'^)) 
normal Zg, 

_ ~^hiaffinity ( Va ^c) 

normal Za 

2 / ^normal Z a 

~ '^InafRnity I " ^ 
\ "^normal a ^ 

— '^inaffinity (92) 

So by the I'Hospital rule: 

T I ||^[|2) I = '^inaiSnity (93) 

Furthermore, as we approach the horizon 

Z'^ — — 2Q^(c^ — vD ^ — fi^CijKnormai X (uormal 3-distance to horizon). (94) 

So 

lim (Z'^VM-Z^)) = V|| • Vlnfl^'c// Knormal] • (95) 

(Remember that for an acoustic horizon there is no need to believe in a zeroth law, 
there is no need for ^normal to be constant over the horizon). Pulling everything 
together 

4nsion = lim{(-^')||Ai'} = «Lffinity + \ (v|| ' VlufQ^Cj^/^normal] ) ' ■ (96) 
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That is 

' ''^''inaffinity 4 



^tension = \l ^^Lffinitv + \ (v|| " Cnl^norm^) ■ (97) 



Now using 

Kinaffinity = /^normal " ^\\ " V\n[cH^^] - V\\^''^'^ UiTlj, (98) 

we have 

f^tension = \/ (^^normal " V|| ■ Vln[c/^fi2] _ mfljY + i (v|| ■ VlnlQ"^ Ch KnovmedlY ■ 

(99) 

This quantity is manifestly not a conformal invariant. 
4.5.6 2-d expansion 

Finally, there is a recent argument by Jacobson and Parentani [30], relating the 
surface gravity to the expansion of a suitably defined congruence of timelike geodesies 
normal to the horizon [3Dj. See earher discussion and equations (125]) - (B7|) . The key 
point here, is once again this equality relies on the existence of an appropriate 
geodesic congruence invariant under the flow of a Killing (or Killing-like) vector, 
and so cannot be applied blindly to modified gravity or analogue gravity scenarios. 
For an acoustic horizon we would want to pick a congruence dragged by Z", 

Z"V„M^ = u^VaZK (100) 



// it is possible to construct such a congruence, then from equation fl53l) . we know 
that 

(^ ■ -^) '^normal /'1n1^ 
= 7^ ^ • (lUlj 

[Z ■ uy 

And hence, now for an acoustic horizon, 

^expansion (^ ' •^)^2ci '^normal- (-^^2) 

4.5.7 Summary 

For an acoustic horizon we generically have 

^normal '^jpeeling '^^expansion • (-^03) 

On the other hand ^inaffinity, /^generator, and ^tension are generically distinct from each 
other, and from the preceding three items. 

5 Modified gravity 

While in the previous section we have been interested in the framework of analogue 
gravity, the concerns we have are also of vital importance for modified gravity. Some 
general points to consider: 
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• The usual situation, where the final state of a black hole is either static, 
or stationary and axisymmetric, depends critically on the standard Einstein 
equations (and "reasonable" matter sources). This could easily fail in modified 
gravity. 

• The usual situation, where black hole horizons are Killing horizons, depends 
critically on the standard Einstein equations (and "reasonable" matter sources), 
which could easily fail in modified gravity UHl [IH HH [H US] . 

• The usual situation, where black holes satisfy the zeroth law (constancy of k), 
depends critically on the "effective stress energy", in the sense G"'' oc T^sectivey 
satisfying some form of classical energy condition. Again, this could easily fail 
in modified gravity [311 122] . 

In short, the distinctions between the various surface gravities can also easily become 
important outside of the analogue spacetime framework. We will work through one 
specific example within the framework of Lorentz- violating theories to demonstrate 
this. 



5.1 Einstein-aether and Horava— Lifshitz gravity 

Einstein-aether and Horava-Lifshitz gravity are two theories of gravity which violate 
Lorentz-invariance. Einstein-aether theory (first proposed in [331 HI] , and developed 
further in [45j), is general relativity coupled to a dynamical, unit timelike vector. 
Einstein-aether theory was originally constructed as a mechanism for breaking local 
Lorentz symmetry yet retaining as many of the other positive characteristics of 
general relativity as possible. In particular it is described by the most general 
action involving the metric and a unit timelike vector u"' that contains no more than 
second-order derivatives in the fields and is generally covariant. 

Horava gravity, proposed in 01] , is another theory with Lorentz violation, in this 
case motivated by aims to construct a renormalizable model of quantum gravity 
by giving up Lorentz-invariance, as the ultraviolet behavior can be substantially 
improved by the addition of terms with higher spatial derivatives to the action. 
Indeed, Horava-Lifshitz gravity is power-counting renormalizable [51]. 

A particular variety of Horava-Lifshitz gravity, non-projectable Horava-Lifshitz 
gravity, in the IR limit, becomes Einstein- aether theory when the aether vector is 
restricted to be hypersurface orthogonal (note that this is automatically the case for 
spherically symmetric solutions). See [321 US]- 

One important feature of Horava-Lifshitz gravity, is that the action for matter 
will have to include higher order spatial derivatives. These dispersion relations can 
easily lead to situations such that there is no limiting speed in the theory. This, and 
the notion of a time-defining aether, means that the causal features of the theory 
are completely different than that of general relativity; for instance, it is not obvious 
a priori that any sort of black hole would exist in such theory. 
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5.2 Universal horizons and their surface gravities 

It has recently been realized (see [ISl[I21l2ni[23]), that (spherically sjTumetric) black 
holes in Lorentz- violating theories do exist, and contain, inside the standard Killing 
horizon, a new sort of horizon, essentially a surface where to flow forward in time, 
particles must enter the (spacelike) surface, defined as the surface where x ' u = 0. 
This is significant, in that it shows that, even in the case of Horava-Lifshitz gravity, 
where dispersions relations will remove the causal significance of any horizon for a 
finite-speed mode, there is a notion of a causal boundary in such theories. From our 
point of view, these universal horizons are interesting because they provide examples 
of non-Killing horizons, and furthermore these horizons are not null surfaces, unlike 
the cases we have previously been looking at. Relevant questions are: 

• Which of the definitions of surface gravity can be extended to these universal 
horizons? 

• Are these all identical? If not, how do they differ? 

These are non-trivial questions, important for questions such as whether or not 
Hawking radiation exists for such theories, from what surface, and further the wider 
issues surrounding the thermodynamics of such spacetimes. 

5.2.1 Generator-based 

This is the quantity calculated in reference [19]; we reproduce the most salient 
aspects of the derivation here. (We will carefully work through this definition first, 
as it is the one used in previous literature, and our subsequent constructions rely 
heavily on this set-up). 

Set up a tetrad of unit vectors, the timelike vector given by the aether, 
then two spacelike vectors m"' and n"', which are mutually orthogonal and lie in the 
tangent plane of two-spheres, and a spacelike unit vector is provided by the outward- 
pointing (our radial vector). Further, any rank- two tensor can be expanded in 
terms of the quantities UaUh, U(^aSb), U[aSb], SaSb, and Qab] where Qab is projection 
tensor onto the spatial two-sphere surface. 

As we have spherical symmetry any physical vector should have components only 
along and s". Also note the acceleration will only have a component along s". 
That is, a" = {a- s)s°'. Further note that at the universal horizon s"" is, by definition, 
parallel to We therefore have the useful relations: 

VaUk = -{a ■ S) UaSk + Xj^'^ ; i^S^ = Ko SaSt + Qab, (104) 

VaSb = Ko SaUb + K^^^j ; i^l? = -(a ■ s) UaU^ + gab. (105) 

Here is the extrinsic curvature of the hypersurfaces orthogonal to the aether 

is) 

flow u", while fC^^ is the extrinsic curvature of the hypersurfaces orthogonal to s", 
and and K^''^ are the traces of the extrinsic curvatures of the 2-spheres due to 
their embeddings in these two hypersurfaces, respectively. Finally Kq is related to 
the 4-acceleration of the integral curves of s° by s^VaSf, = Kq u^. 
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Now consider an arbitrary vector of form 

Aa = -fUa + hSa, (106) 

where / and h are arbitrary functions respecting the symmetries of the spacetime, 
so in particular A is Lie dragged by the Kilhng vector x- By spherical symmetry 

V[aAb] = -Qa U[aSb], (107) 

(as this is the only possible fully anti-symmetric choice possible within spherical 
symmetry), with 

Qa = -f{a ■ s) - s'^Vaf + hKo + u^Vah. (108) 

We have chosen an opposite sign convention to Berglund et al. [19j to minimize 
subsequent sign flips. 
Our Killing vector is 

x'' = -{u-x)u''+{s-x)s''. (109) 
And from the results above, and the Killing equation, we have 

^aXh = -^{UaSb- SaUb), (110) 

where now 

Qx = -{u ■ x){a ■ s) + {s ■ x)Ko - s'^V a{u ■ x) + W'V a{s ■ x) 

= -2{{u-x){a-s)-{s-x)K,}. (Ill) 

The second equality follows from the fact that for any A respecting the symmetries 
of the spacetime 

Va{A-x) = {VaX')Ab + x'^aAb 

= -x'VbA^ + x'^aAb 

= -QaHs ■ x)Ua- (U- x)Sa}- (112) 

Specializing this relation to our case we have 

s^Vaiu-x) = Quiu ■ x) = (a ■ s) {u ■ x); (113) 
W'Vais-x) = Qsis-x) = Ko{s-x). (114) 

Combining these results we obtain the second line of f illip . 

We can now identify ^generator with \Q^\/2, as given in equations (22) and (23) 
of reference [IS], since, provided flllOp holds true, we have 



2 

Therefore (at any point in the spacetime 

\Qx 



:enerator - V " ^ ( VaXfc) ( V"x') = (115) 



'^generator 



iu-x)ia-s)-is-x)Ko . (116) 
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At the universal horizon, m ■ x = by definition, and thus x s are parallel. 
Therefore 

/tgeneratorluH ~ -^0|UH HxlluH, (H''') 

where the absolute value and the explicit minus sign can safely be removed given 
that both Kq and (s ■ x) ^-^e both positive on the universal horizon. Indeed, this 
is consistent with [19] from which, by confronting our equation (11 101) with equation 
(22) of [H], one can deduce ^generator = Qxl'^- closing let us stress that this 
derivation relies very heavily on the special symmetries of the solution and that 
llxlluH 7^ on the universal horizon. 



5.2.2 Peeling 



A specific class of spherically symmetric black holes was examined in |20i|, which in 
Eddington-Finkelstein coordinates take the form 



ds^ = -e(r) dz/2 + 2/(r) dz/ dr + dfi. 



:il8) 



First, in analogy with section (12.11) . change this into Schwarzschild coordinates. Set 

f(r) 

dt = dz/ - ^ dr, (119) 
e(r) 

so that 



ds2 = -e(r)dt2+^^''^ -^-2 



Consider an out-going null ray 



e(r)dt 



so that 



e(r) 

e(r) 
dr e(r) 



dr^ + r^dfi. 



dr^ 



dt /(r)- 

For T\ and r2 close to the universal horizon at r = run 
d(ri — r'l) d / e(r 



di 



dr V/l'^) 



(ri -ra) + O ([ri - ra]^) 



UH 



and so for a generic universal horizon we can define 

_ 1 d /e(r) 

Seeling - 2^ 



UH 



(120) 



:i2i) 



(122) 



(123) 



(124) 



in general. 

Let us now apply this construction to the simplest explicit example we can find. 
Taking a look at section (4.2) in reference [18], we see an example of an exact solution 
with 

e(r) = l- — ; /(r) = 1. (125) 

22 



Here 

r„=(v^-l)y, (126) 

with C a constant depending on the couphng constants of the theory. Plugging this 
into the above, we find, that for this specific example 

_ 2C 

'^peeling • yi-^i I ) 

Berglund et al. [19] compute the equivalent of 

Qy 2C , , 

Thus, (at least in situations where they can both meaningfully be defined), Kpeeiing = 
/^generator for Universal horizons. We do not wish to apply this construction to the 
general solutions in terms of asymptotic expansions presented in that paper, as those 
are only valid for large r, and as such, ill-adapted to this calculation. 

5.2.3 Null normal 

Let us now see if it is possible to extend the notion /tnormai to a universal horizon, 
at least in a highly symmetric case. First, define a vector A, everywhere orthogonal 
to X, by 

X- = [s-xK-{u-x)sr (129) 

(There is a sign ambiguity in this definition depending on whether you want the 
inwards or outwards pointing unit spacelike vector at infinity.) Note also, that on 
the Killing horizon, m ■ x = s ■ so A° = x"- Now, by spherical symmetry 

V.(x') = V„(x')Xfe + /V.Xfe 

= Qxi^- X)Sa - Qx (-5 ■ X)Ua 
= —Q^Xa 

2/tgQnerator Aq-, (130) 

everywhere in the spacetime. Off the Killing horizon, this seems to provide the most 
natural definition of ^normal, and it is equal to ^generator- 

5.2.4 Inaffinity 

Likewise, for null horizons we have defined Kjnaffinity by 

x'^^bXc = ft^inaffinityXc- (131) 

But, (as we have already seen), by spherical symmetry, 

VaXfe = -^(WaSfe - MfcSa), (132) 
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so, now evaluating on the universal horizon, we have 



2 

'^inaffinity Ac, (133) 
where the last line is our definition of /tinaffinity, which is now seen to be the same as 

'^normal &ncl '^generator- 

5.2.5 Tension in a rope 

Note that it is not at all obvious there should be any possible calculation for the 
tension in a rope at infinity, as our universal horizon is inside the Killing horizon, 
where nothing can stay still, so we certainly must abandon the notion of fCtension 
directly relating to the tension on a rope held at infinity. 

However, if we want to mathematically continue this idea, we want to calculate 



'^tension 

UH 



lim(||xf Pf) (134) 



Because the universal horizon is not a null surface the limit is straightforward, and 
it is easy to see that 

-(x'VbX')(x° VaXc 

UH [ -X^Xa 

But, we can again use equation flllOp . so that 



4nsion = Hm { \ . (135) 



1 -QI{{X ■ u)Sa - ix ■ s)Ua} {{x " u)s'' - (x " s)u'^} 



tension ^ — 



UH 



(136) 



UH 



That is \Q \ 

'intension — ^ • (137) 

Again we note that many of these definitions degenerate. 
5.2.6 2-d expansion 

Another possibility is to consider the quantity defined by Jacobson and Parentani |5D] . 
Instead of the form given in that paper, for spacelike regions (such as we have under 
consideration here) it is better to start from the basic definition 

= — -, 7^, (138) 

X - (x ■ uY 

use the fact that (x ■ m) — )■ on the universal horizon, and expand the numerator to 
obtain 

^2.luH = (139) 

A. 
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Now we can again use our useful symmetries, and note that on the universal horizon 
= ix- sf, to see 



^-luH - - - (140) 



We see that, whereas for Killing horizons, where we relate this quantity to the 
surface gravity through normalization with an appropriate horizon-crossing timelike 
vector X ■ ^5 here we want to normalize with an appropriate spacelike vector x ' ^■ 
Specifically, for universal horizons we can define 

^expansion = {(X " s) 6'2d}|uH = (^^l) 

In particular, comparing with equation f lll7p . we see that 028 = Kq at the universal 
horizon. 



5.2.7 Summary 

For a spherically symmetric universal horizon, and subject to the definitions adopted 
above, we have 

'^generator ^normal ^inafiinity '^tension '^expansion- (142) 
When it is possible to calculate /tpeeling, we find Kpeeling = /^generator- 

Note that it is only by using tricks of spherical symmetry that we have been able 
to define some extension of /tnormai and Kinaffinity The most natural notions for such 
horizons seem to be /tgenerator, /^expansion and Kpeeiing, as they do not a priori require 
a null surface. In the case of our modified gravity scenario, the symmetries of the 
problem seem to have reduced the plethora of surface gravities we have. Likewise, 
in analogue cases, if we have enough symmetry in the set up, the number of distinct 
surface gravities should collapse. 

Indeed the calculations presented in this section rely so heavily on the spherical 
symmetry, that for a stationary non-static solution possessing a universal horizon, 
it seems that a completely new mode of attack would need to be developed. It is 
far from obvious which if any of these degeneracies would remain in such a case, 
and it seems somewhat unlikely that the notions of ^inaffinity and ^normal could be 
developed at all. Overall, the best statement seems to be this: There are many 
possible definitions of surface gravity, identical in cases of high symmetry. 



6 Discussion 

In this paper we have considered a number of different definitions of surface gravity, 
all of which reduce to the standard case in stationary general relativity. We have 
shown in the case of stationary analogue black holes how these different surface 
gravities can be calculated, and how they are related. 

These concerns are also important for modified gravity, and we have illustrated 
this with one example involving the so-called "universal horizon". In general, the 
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differences between these definitions, and appropriate choices of which to use, will 
become more relevant the less symmetry there is in the case under consideration. 
The symmetries in question might be obvious ones (spherical symmetry, axial sym- 
metry) , but might also be less obvious — such as the enhanced conformal symmetry 
at general relativity horizons that is at least partly connected with the specific field 
equations and inter-twined with the rigidity theorem and zeroth law. 

Once one moves away from standard general relativity the situation becomes 
much more complicated than one might have naively expected. 
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